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This paper catalogues formulas that are useful for estimating dynamic linear economic models. We
describe algorithms for computing equilibria of an economic model and for recursively computing a
Gaussian likelihood function and its gradient with respect to parameters. We display an application to
Rosen, Murphy, and Scheinkman’s (1994) model of cattle cycles.
The views expressed in this paper are those of the authors and not necessarily those of the Federal Reserve Bank




















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Appendix B: Differentiating the state-space model
with respect to economic parameters
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t
h
e
c
o
m
b
i
n
e
d
n
u
m
b
e
r
o
f
e
l
e
m
e
n
t
s
i
n
t
h
e
s
e
m
a
t
r
i
c
e
s
.
W
e
a
l
s
o
a
s
s
u
m
e
t
h
a
t
t
h
e
d
e
r
i
v
a
t
i
v
e
s
o
f
t
h
e
m
a
t
r
i
c
e
s
i
n
E
q
.
(
1
4
2
)
w
i
t
h
r
e
s
p
e
c
t
t
o
t
h
e
e
l
e
m
e
n
t
s
o
f
￿
a
r
e
k
n
o
w
n
.
T
h
e
o
p
t
i
m
a
l
d
e
c
i
s
i
o
n
f
u
n
c
t
i
o
n
i
s
g
i
v
e
n
b
y
u
t
=
￿
F
x
t
;
w
h
e
r
e
F
=
(
R
+
￿
B
0
P
B
)
￿
1
(
￿
B
0
P
A
+
W
0
)
(
1
4
3
)
f
o
r
P
s
a
t
i
s
f
y
i
n
g
P
=
Q
+
￿
A
0
P
A
￿
(
W
+
￿
A
0
P
B
)
(
R
+
￿
B
0
P
B
)
￿
1
(
￿
B
0
P
A
+
W
0
)
:
(
1
4
4
)
1
4
N
o
t
e
t
h
a
t
w
e
a
r
e
a
g
a
i
n
i
g
n
o
r
i
n
g
t
h
e
J
a
c
o
b
i
a
n
s
i
n
c
e
t
h
e
r
e
l
a
t
i
o
n
s
h
i
p
b
e
t
w
e
e
n
z
a
n
d
y
d
i
￿
e
r
s
f
o
r
e
a
c
h
p
r
o
b
l
e
m
.3
8
M
e
c
h
a
n
i
c
s
o
f
F
o
r
m
i
n
g
a
n
d
E
s
t
i
m
a
t
i
n
g
T
h
e
l
a
w
o
f
m
o
t
i
o
n
f
o
r
x
i
n
e
q
u
i
l
i
b
r
i
u
m
i
s
x
t
+
1
=
A
o
x
t
+
C
￿
t
+
1
;
A
o
=
A
￿
B
F
:
(
1
4
5
)
T
h
e
r
e
f
o
r
e
,
t
h
e
d
e
r
i
v
a
t
i
v
e
o
f
A
o
w
i
t
h
r
e
s
p
e
c
t
t
o
a
n
e
l
e
m
e
n
t
o
f
￿
i
s
@
A
o
@
￿
=
@
A
@
￿
￿
@
B
@
￿
F
￿
B
@
F
@
￿
:
(
1
4
6
)
T
h
e
d
e
r
i
v
a
t
i
v
e
s
@
A
@
￿
a
n
d
@
B
@
￿
d
e
p
e
n
d
o
n
t
h
e
s
p
e
c
i
￿
c
a
t
i
o
n
o
f
t
h
e
p
r
o
b
l
e
m
i
n
E
q
.
(
1
4
2
)
a
n
d
a
r
e
a
s
s
u
m
e
d
t
o
b
e
k
n
o
w
n
.
T
h
e
d
e
r
i
v
a
t
i
v
e
o
f
F
i
s
@
F
@
￿
=
￿
(
R
+
￿
B
0
P
B
)
￿
1
￿
@
R
@
￿
+
￿
@
B
@
￿
0
P
B
+
￿
B
0
@
P
@
￿
B
+
￿
B
0
P
@
B
@
￿
￿
F
+
(
R
+
￿
B
0
P
B
)
￿
1
￿
￿
@
B
@
￿
0
P
A
+
￿
B
0
@
P
@
￿
A
+
￿
B
0
P
@
A
@
￿
+
@
W
@
￿
0
￿
:
(
1
4
7
)
N
o
t
i
c
e
t
h
a
t
t
h
i
s
f
o
r
m
u
l
a
d
e
p
e
n
d
s
o
n
t
h
e
d
e
r
i
v
a
t
i
v
e
o
f
P
;
w
i
t
h
t
h
e
r
e
m
a
i
n
i
n
g
d
e
r
i
v
a
t
i
v
e
s
p
r
o
v
i
d
e
d
b
y
t
h
e
m
o
d
e
l
e
r
.
T
h
e
d
e
r
i
v
a
t
i
v
e
@
P
@
￿
s
a
t
i
s
￿
e
s
t
h
e
f
o
l
l
o
w
i
n
g
e
q
u
a
t
i
o
n
:
@
P
@
￿
=
@
Q
@
￿
+
￿
@
A
@
￿
0
P
A
+
￿
A
0
@
P
@
￿
A
+
￿
A
0
P
@
A
@
￿
￿
(
@
W
@
￿
+
￿
@
A
@
￿
0
P
B
+
￿
A
0
@
P
@
￿
B
+
￿
A
0
P
@
B
@
￿
)
F
+
F
0
(
@
R
@
￿
+
￿
@
B
@
￿
0
P
B
+
￿
B
0
@
P
@
￿
B
+
￿
B
0
P
@
B
@
￿
)
F
￿
F
0
(
￿
@
B
@
￿
0
P
A
+
￿
B
0
@
P
@
￿
A
+
￿
B
0
P
@
A
@
￿
+
@
W
@
￿
0
)
=
￿
A
0
o
@
P
@
￿
A
o
+
@
Q
@
￿
+
￿
h
@
A
@
￿
0
￿
F
0
@
B
@
￿
0
i
P
A
o
+
￿
A
0
o
P
h
@
A
@
￿
￿
@
B
@
￿
F
i
￿
@
W
@
￿
F
￿
F
0
@
W
@
￿
0
+
F
0
@
R
@
￿
F
:
(
1
4
8
)
A
l
t
h
o
u
g
h
t
h
i
s
f
o
r
m
u
l
a
d
e
t
e
r
m
i
n
e
s
o
n
l
y
a
n
i
m
p
l
i
c
i
t
f
u
n
c
t
i
o
n
f
o
r
@
P
@
￿
;
t
h
e
g
r
a
d
i
-
e
n
t
o
f
P
c
a
n
b
e
r
e
p
r
e
s
e
n
t
e
d
e
x
p
l
i
c
i
t
l
y
i
n
t
e
r
m
s
o
f
t
h
i
n
g
s
w
e
k
n
o
w
.
D
e
￿
n
e
t
h
e
g
r
a
d
i
e
n
t
o
p
e
r
a
t
o
r
a
s
f
o
l
l
o
w
s
:
f
o
r
a
n
y
m
a
t
r
i
x
A
t
h
a
t
d
e
p
e
n
d
s
o
n
t
h
e
p
a
r
a
m
e
t
e
r
￿
;
r
￿
A
=
v
e
c
(
@
A
@
￿
)
.
T
h
e
n
,
r
￿
P
=
(
I
￿
￿
A
0
o
￿
A
0
o
)
￿
1
￿
r
￿
Q
+
￿
(
A
0
o
P
￿
I
)
r
￿
A
0
+
￿
(
I
￿
A
0
o
P
)
r
￿
A
￿
￿
(
A
0
o
P
￿
F
0
)
r
￿
B
0
￿
￿
(
F
0
￿
A
0
o
P
)
r
￿
B
￿
(
F
0
￿
I
)
r
￿
W
￿
(
I
￿
F
0
)
r
￿
W
0
+
(
F
0
￿
F
0
)
r
￿
R
￿
;
(
1
4
9
)A
p
p
e
n
d
i
x
B
:
D
i
￿
e
r
e
n
t
i
a
t
i
n
g
t
h
e
s
t
a
t
e
-
s
p
a
c
e
m
o
d
e
l
3
9
w
h
i
c
h
i
s
a
f
u
n
c
t
i
o
n
o
f
t
h
e
g
r
a
d
i
e
n
t
s
o
f
A
;
B
;
Q
;
R
;
a
n
d
W
.
T
h
e
g
r
a
d
i
e
n
t
o
f
P
c
a
n
t
h
e
n
b
e
s
u
b
s
t
i
t
u
t
e
d
i
n
t
o
t
h
e
f
o
l
l
o
w
i
n
g
f
o
r
m
u
l
a
f
o
r
r
￿
F
r
￿
F
=
￿
(
I
￿
R
B
0
P
)
r
￿
A
￿
￿
(
F
0
￿
R
B
0
P
)
r
￿
B
+
￿
(
A
0
o
P
￿
R
)
r
￿
B
0
￿
(
F
0
￿
R
)
r
￿
R
+
(
I
￿
R
)
r
￿
W
0
+
￿
(
A
0
o
￿
R
B
0
)
r
￿
P
;
(
1
5
0
)
w
h
e
r
e
R
=
(
R
+
￿
B
0
P
B
)
￿
1
.
F
i
n
a
l
l
y
,
w
e
s
u
b
s
t
i
t
u
t
e
t
h
i
s
e
x
p
r
e
s
s
i
o
n
f
o
r
r
￿
F
i
n
t
o
r
￿
A
o
=
r
￿
A
￿
(
F
0
￿
I
)
r
￿
B
￿
(
I
￿
B
)
r
￿
F
:
(
1
5
1
)
S
i
n
c
e
C
i
s
c
h
o
s
e
n
b
y
t
h
e
m
o
d
e
l
e
r
,
w
e
a
s
s
u
m
e
t
h
a
t
i
t
s
d
e
r
i
v
a
t
i
v
e
w
i
t
h
r
e
s
p
e
c
t
t
o
￿
i
s
k
n
o
w
n
.
A
n
o
n
l
i
n
e
a
r
e
c
o
n
o
m
y
w
i
t
h
o
u
t
d
i
s
t
o
r
t
i
o
n
s
T
h
e
o
p
t
i
m
i
z
a
t
i
o
n
p
r
o
b
l
e
m
t
h
a
t
w
e
s
t
a
r
t
w
i
t
h
i
s
m
a
x
f
u
t
g
E
0
1
X
t
=
0
￿
t
r
(
z
t
;
￿
)
(
1
5
2
)
s
u
b
j
e
c
t
t
o
x
t
+
1
=
A
x
t
+
B
u
t
+
C
w
t
+
1
z
t
=
[
x
0
t
;
u
0
t
]
0
:
W
e
s
o
l
v
e
a
r
e
l
a
t
e
d
p
r
o
b
l
e
m
,
n
a
m
e
l
y
,
m
a
x
f
u
t
g
E
0
1
X
t
=
0
￿
t
z
0
t
M
z
t
(
1
5
3
)
x
t
+
1
=
A
x
t
+
B
u
t
+
C
w
t
+
1
;
w
h
e
r
e
M
=
e
(
r
(
￿
z
;
￿
)
￿
@
r
(
￿
z
;
￿
)
@
￿
z
0
￿
z
+
1
2
￿
z
0
@
2
r
(
￿
z
;
￿
)
@
￿
z
2
￿
z
)
e
0
+
1
2
(
e
@
r
(
￿
z
;
￿
)
@
￿
z
0
+
@
r
(
￿
z
;
￿
)
@
￿
z
e
0
￿
e
￿
z
0
@
2
r
(
￿
z
;
￿
)
@
￿
z
2
￿
@
2
r
(
￿
z
;
￿
)
@
￿
z
2
￿
z
e
0
+
@
2
r
(
￿
z
;
￿
)
@
￿
z
2
)
;
(
1
5
4
)
a
n
d
w
h
e
r
e
e
i
s
a
v
e
c
t
o
r
o
f
z
e
r
o
s
e
x
c
e
p
t
f
o
r
a
1
i
n
t
h
e
e
l
e
m
e
n
t
c
o
r
r
e
s
p
o
n
d
i
n
g
t
o
t
h
e
c
o
n
s
t
a
n
t
t
e
r
m
i
n
x
t
;
￿
z
a
n
d
￿
w
a
r
e
t
h
e
s
t
e
a
d
y
-
s
t
a
t
e
v
a
l
u
e
s
o
f
z
t
a
n
d
w
t
;
a
n
d
S
x
=
[
I
n
;
0
n
;
k
]
a
n
d
S
u
=
[
0
k
;
n
;
I
k
]
a
r
e
s
e
l
e
c
t
o
r
m
a
t
r
i
c
e
s
a
n
d
i
m
p
l
y
z
t
=
S
x
x
t
+
S
u
u
t
;
w
h
e
r
e
n
i
s
t
h
e
d
i
m
e
n
s
i
o
n
T
h
e
l
a
t
t
e
r
p
r
o
b
l
e
m
y
i
e
l
d
s
t
h
e
s
a
m
e
d
e
c
i
s
i
o
n
f
u
n
c
t
i
o
n
a
s
t
h
a
t
o
f
E
q
.
(
1
4
2
)
(
w
h
e
r
e
Q
=
S
0
x
M
S
x
;
R
=
S
0
u
M
S
u
;
a
n
d
W
=
S
0
x
M
S
u
)
.
I
n
t
h
e
n
o
n
l
i
n
e
a
r
c
a
s
e
,
h
o
w
e
v
e
r
,
t
h
e
d
e
r
i
v
a
t
i
v
e
s
a
r
e
s
l
i
g
h
t
l
y
m
o
r
e
c
o
m
-
p
l
i
c
a
t
e
d
.
T
o
d
e
r
i
v
e
@
A
o
@
￿
;
w
e
n
e
e
d
t
o
c
a
l
c
u
l
a
t
e
d
e
r
i
v
a
t
i
v
e
s
o
f
t
h
e
c
o
e
￿
c
i
e
n
t4
0
M
e
c
h
a
n
i
c
s
o
f
F
o
r
m
i
n
g
a
n
d
E
s
t
i
m
a
t
i
n
g
m
a
t
r
i
c
e
s
o
f
t
h
e
o
b
j
e
c
t
i
v
e
f
u
n
c
t
i
o
n
.
F
o
r
t
h
i
s
,
w
e
n
e
e
d
t
h
e
d
e
r
i
v
a
t
i
v
e
o
f
M
w
i
t
h
r
e
s
p
e
c
t
t
o
￿
:
@
M
@
￿
=
e
￿
@
r
(
￿
z
;
￿
)
@
￿
￿
@
2
r
(
￿
z
;
￿
)
@
￿
z
@
￿
0
￿
z
+
1
2
￿
z
0
￿
r
￿
z
@
2
r
(
￿
z
;
￿
)
@
￿
z
2
@
￿
z
@
￿
￿
(
:
)
￿
z
+
1
2
￿
z
0
@
3
r
(
￿
z
;
￿
)
@
￿
z
2
@
￿
￿
z
￿
e
0
+
1
2
￿
e
@
2
r
(
￿
z
;
￿
)
@
￿
z
@
￿
0
+
@
2
r
(
￿
z
;
￿
)
@
￿
z
@
￿
e
0
￿
e
￿
z
0
￿
r
￿
z
@
2
r
(
￿
z
;
￿
)
@
￿
z
2
@
￿
z
@
￿
￿
(
:
)
￿
￿
r
￿
z
@
2
r
(
￿
z
;
￿
)
@
￿
z
2
@
￿
z
@
￿
￿
(
:
)
￿
z
e
0
￿
e
￿
z
0
@
3
r
(
￿
z
;
￿
)
@
￿
z
2
@
￿
￿
@
3
r
(
￿
z
;
￿
)
@
￿
z
2
@
￿
￿
z
e
0
+
@
3
r
(
￿
z
;
￿
)
@
￿
z
2
@
￿
+
￿
r
￿
z
@
2
r
(
￿
z
;
￿
)
@
￿
z
2
@
￿
z
@
￿
￿
(
:
)
￿
;
(
1
5
5
)
w
h
e
r
e
r
z
A
(
z
)
=
[
@
@
z
1
A
(
z
)
;
@
@
z
2
A
(
z
)
;
:
:
:
;
@
@
z
n
A
(
z
)
]
f
o
r
A
(
z
)
w
h
i
c
h
i
s
n
￿
n
a
n
d
b
(
:
)
i
s
a
n
n
￿
n
m
a
t
r
i
x
c
r
e
a
t
e
d
f
r
o
m
a
v
e
c
t
o
r
o
f
l
e
n
g
t
h
n
2
b
y
s
t
a
c
k
i
n
g
t
h
e
￿
r
s
t
n
e
l
e
m
e
n
t
s
o
f
b
i
n
t
o
c
o
l
u
m
n
1
,
t
h
e
n
e
x
t
n
e
l
e
m
e
n
t
s
o
f
b
i
n
t
o
c
o
l
u
m
n
2
,
e
t
c
.
A
s
t
h
i
s
f
o
r
m
u
l
a
i
n
d
i
c
a
t
e
s
,
t
h
e
m
o
d
e
l
e
r
m
u
s
t
p
r
o
v
i
d
e
￿
r
s
t
-
,
s
e
c
o
n
d
-
,
a
n
d
t
h
i
r
d
-
o
r
d
e
r
d
e
r
i
v
a
t
i
v
e
s
o
f
t
h
e
r
e
t
u
r
n
f
u
n
c
t
i
o
n
.
T
h
e
d
e
r
i
v
a
t
i
v
e
s
o
f
Q
;
R
;
a
n
d
W
f
o
l
l
o
w
i
m
m
e
d
i
a
t
e
l
y
f
r
o
m
@
M
@
￿
,
e
.
g
.
,
@
Q
@
￿
=
S
0
x
@
M
@
￿
S
x
.
T
h
e
r
e
m
a
i
n
i
n
g
d
e
r
i
v
a
t
i
o
n
s
a
r
e
t
h
e
s
a
m
e
a
s
i
n
t
h
e
l
i
n
e
a
r
-
q
u
a
d
r
a
t
i
c
c
a
s
e
.
A
l
i
n
e
a
r
-
q
u
a
d
r
a
t
i
c
e
c
o
n
o
m
y
w
i
t
h
d
i
s
t
o
r
t
i
o
n
s
T
h
e
o
p
t
i
m
i
z
a
t
i
o
n
p
r
o
b
l
e
m
t
h
a
t
w
e
s
t
a
r
t
w
i
t
h
i
s
g
i
v
e
n
b
y
m
a
x
f
￿
u
t
g
1
X
t
=
0
￿
t
￿
￿
￿
y
t
￿
z
t
￿
0
￿
￿
Q
y
￿
Q
z
￿
Q
0
z
￿
Q
2
2
￿
￿
￿
y
t
￿
z
t
￿
+
￿
u
0
t
￿
R
￿
u
t
+
2
￿
￿
y
t
￿
z
t
￿
0
￿
￿
W
y
￿
W
z
￿
￿
u
t
￿
(
1
5
6
)
s
u
b
j
e
c
t
t
o
￿
y
t
+
1
=
￿
A
y
￿
y
t
+
￿
A
z
￿
z
t
+
￿
B
y
￿
u
t
+
C
￿
￿
t
+
1
:
T
o
e
a
s
e
n
o
t
a
t
i
o
n
,
w
e
c
o
n
v
e
r
t
t
h
e
p
r
o
b
l
e
m
t
o
o
n
e
w
i
t
h
o
u
t
c
r
o
s
s
-
p
r
o
d
u
c
t
s
o
r
d
i
s
c
o
u
n
t
i
n
g
.
L
e
t
y
t
=
￿
t
=
2
￿
y
t
z
t
=
￿
t
=
2
￿
z
t
u
t
=
￿
t
=
2
￿
u
t
￿
t
=
￿
t
=
2
￿
￿
t
R
=
￿
R
Q
y
=
￿
Q
y
￿
￿
W
y
￿
R
￿
1
￿
W
0
y
Q
z
=
￿
Q
z
￿
￿
W
y
￿
R
￿
1
￿
W
0
zA
p
p
e
n
d
i
x
B
:
D
i
￿
e
r
e
n
t
i
a
t
i
n
g
t
h
e
s
t
a
t
e
-
s
p
a
c
e
m
o
d
e
l
4
1
Q
2
2
=
￿
Q
2
2
￿
￿
W
z
￿
R
￿
1
￿
W
0
z
A
y
=
p
￿
(
￿
A
y
￿
￿
B
y
￿
R
￿
1
￿
W
0
y
)
A
z
=
p
￿
(
￿
A
z
￿
￿
B
y
￿
R
￿
1
￿
W
0
z
)
B
y
=
p
￿
￿
B
y
￿
=
(
I
+
￿
￿
￿
R
￿
1
￿
W
0
z
)
￿
1
(
￿
￿
￿
￿
￿
￿
R
￿
1
￿
W
0
y
)
￿
=
(
I
+
￿
￿
￿
R
￿
1
￿
W
0
z
)
￿
1
￿
￿
:
(
1
5
7
)
W
i
t
h
t
h
e
s
e
d
e
￿
n
i
t
i
o
n
s
,
w
e
c
a
n
r
e
s
t
a
t
e
t
h
e
o
p
t
i
m
i
z
a
t
i
o
n
p
r
o
b
l
e
m
a
s
f
o
l
l
o
w
s
m
a
x
f
u
t
g
1
X
t
=
0
￿
￿
y
t
z
t
￿
0
￿
Q
y
Q
z
Q
0
z
Q
2
2
￿
￿
y
t
z
t
￿
0
+
u
0
t
R
u
t
￿
(
1
5
8
)
s
u
b
j
e
c
t
t
o
y
t
+
1
=
A
y
y
t
+
A
z
z
t
+
B
y
u
t
+
C
￿
t
+
1
:
L
e
t
^
A
=
A
y
+
A
z
￿
;
^
Q
=
Q
y
+
Q
z
￿
;
^
B
=
B
y
+
A
z
￿
,
a
n
d
~
A
=
A
y
￿
B
y
R
￿
1
￿
0
Q
0
z
.
T
h
e
d
e
c
i
s
i
o
n
f
u
n
c
t
i
o
n
i
n
t
h
i
s
c
a
s
e
i
s
g
i
v
e
n
b
y
F
=
￿
R
+
B
0
y
P
^
B
￿
￿
1
B
0
y
P
^
A
;
(
1
5
9
)
w
h
e
r
e
P
s
a
t
i
s
￿
e
s
P
=
^
Q
+
~
A
0
P
^
A
￿
~
A
0
P
^
B
(
R
+
B
0
y
P
^
B
)
￿
1
B
0
y
P
^
A
:
(
1
6
0
)
T
h
e
d
e
c
i
s
i
o
n
f
u
n
c
t
i
o
n
f
o
r
t
h
e
o
r
i
g
i
n
a
l
p
r
o
b
l
e
m
i
s
g
i
v
e
n
b
y
￿
F
=
(
￿
R
+
￿
W
0
z
￿
￿
)
￿
1
(
￿
R
F
+
￿
W
0
y
+
￿
W
0
z
￿
￿
)
;
(
1
6
1
)
a
n
d
t
h
e
e
q
u
i
l
i
b
r
i
u
m
l
a
w
o
f
m
o
t
i
o
n
f
o
r
￿
y
t
i
s
￿
y
t
+
1
=
A
o
￿
y
t
+
C
￿
￿
t
+
1
;
A
o
=
￿
A
y
+
￿
A
z
￿
￿
￿
￿
A
z
￿
￿
￿
F
￿
￿
B
y
￿
F
=
￿
￿
1
2
(
^
A
￿
^
B
F
)
:
(
1
6
2
)
T
h
e
r
e
f
o
r
e
,
t
h
e
d
e
r
i
v
a
t
i
v
e
o
f
A
o
w
i
t
h
r
e
s
p
e
c
t
t
o
a
p
a
r
a
m
e
t
e
r
￿
i
s
g
i
v
e
n
b
y
@
A
o
@
￿
=
￿
￿
1
2
(
@
^
A
@
￿
￿
@
^
B
@
￿
F
￿
^
B
@
F
@
￿
)
:
(
1
6
3
)
T
o
c
a
l
c
u
l
a
t
e
@
A
o
@
￿
r
e
q
u
i
r
e
s
s
e
v
e
r
a
l
s
t
e
p
s
.
F
i
r
s
t
,
w
e
n
e
e
d
t
h
e
d
e
r
i
v
a
t
i
v
e
s
o
f
^
A
;
^
B
;
a
n
d
F
w
i
t
h
r
e
s
p
e
c
t
t
o
￿
:
@
^
A
@
￿
=
@
A
y
@
￿
+
@
A
z
@
￿
￿
+
A
z
@
￿
@
￿
(
1
6
4
)
@
^
B
@
￿
=
@
B
y
@
￿
+
@
A
z
@
￿
￿
+
A
z
@
￿
@
￿
(
1
6
5
)4
2
M
e
c
h
a
n
i
c
s
o
f
F
o
r
m
i
n
g
a
n
d
E
s
t
i
m
a
t
i
n
g
@
F
@
￿
=
￿
￿
R
+
B
0
y
P
B
y
+
B
0
y
P
A
z
￿
￿
￿
1
￿
@
R
@
￿
+
@
B
y
@
￿
0
P
B
y
+
B
0
y
@
P
@
￿
B
y
+
B
0
y
P
@
B
y
@
￿
+
@
B
y
@
￿
0
P
A
z
￿
+
B
0
y
@
P
@
￿
A
z
￿
+
B
0
y
P
@
A
z
@
￿
￿
+
B
0
y
P
A
z
@
￿
@
￿
￿
F
+
￿
R
+
B
0
y
P
B
y
+
B
0
y
P
A
z
￿
￿
￿
1
￿
@
B
y
@
￿
0
P
A
y
+
B
0
y
@
P
@
￿
A
y
+
B
0
y
P
@
A
y
@
￿
+
@
B
y
@
￿
0
P
A
z
￿
+
B
0
y
@
P
@
￿
A
z
￿
+
B
0
y
P
@
A
z
@
￿
￿
+
B
0
y
P
A
z
@
￿
@
￿
￿
=
￿
R
+
B
0
y
P
^
B
￿
￿
1
￿
￿
@
R
@
￿
F
+
@
B
y
@
￿
0
P
(
^
A
￿
^
B
F
)
+
B
0
y
@
P
@
￿
(
^
A
￿
^
B
F
)
+
B
0
y
P
(
@
A
y
@
￿
￿
@
B
y
@
￿
F
)
+
B
0
y
P
@
A
z
@
￿
(
￿
￿
￿
F
)
+
B
0
y
P
A
z
(
@
￿
@
￿
￿
@
￿
@
￿
F
)
￿
:
(
1
6
6
)
N
o
t
e
t
h
a
t
t
h
e
s
e
d
e
r
i
v
a
t
i
v
e
s
a
r
e
f
u
n
c
t
i
o
n
s
o
f
o
f
@
R
@
￿
;
@
B
y
@
￿
;
@
A
y
@
￿
;
@
A
z
@
￿
;
@
￿
@
￿
;
@
￿
@
￿
;
a
n
d
@
P
@
￿
.
T
h
e
d
e
r
i
v
a
t
i
v
e
o
f
R
i
s
g
i
v
e
n
s
i
n
c
e
R
=
￿
R
.
T
h
e
d
e
r
i
v
a
t
i
v
e
s
f
o
r
B
y
;
A
y
;
A
z
;
￿
a
n
d
￿
f
o
l
l
o
w
f
r
o
m
t
h
e
i
r
d
e
￿
n
i
t
i
o
n
s
a
b
o
v
e
,
e
.
g
.
,
@
B
y
@
￿
=
p
￿
@
￿
B
y
@
￿
;
(
1
6
7
)
@
A
y
@
￿
=
p
￿
(
@
￿
A
y
@
￿
￿
@
￿
B
y
@
￿
￿
R
￿
1
￿
W
0
y
+
￿
B
y
￿
R
￿
1
@
￿
R
@
￿
￿
R
￿
1
￿
W
0
y
￿
￿
B
y
￿
R
￿
1
@
￿
W
y
@
￿
0
)
;
(
1
6
8
)
@
A
z
@
￿
=
p
￿
(
@
￿
A
z
@
￿
￿
@
￿
B
y
@
￿
￿
R
￿
1
￿
W
0
z
+
￿
B
y
￿
R
￿
1
@
￿
R
@
￿
￿
R
￿
1
￿
W
0
z
￿
￿
B
y
￿
R
￿
1
@
￿
W
z
@
￿
0
)
;
(
1
6
9
)
@
￿
@
￿
=
￿
(
I
+
￿
￿
￿
R
￿
1
￿
W
0
z
)
￿
1
￿
@
￿
￿
@
￿
￿
R
￿
1
￿
W
0
z
￿
￿
￿
￿
￿
R
￿
1
@
￿
R
@
￿
￿
R
￿
1
￿
W
0
z
￿
+
￿
￿
￿
R
￿
1
@
￿
W
z
@
￿
0
￿
￿
@
￿
￿
@
￿
+
@
￿
￿
@
￿
￿
R
￿
1
￿
W
0
z
￿
￿
￿
￿
R
￿
1
@
￿
R
@
￿
￿
R
￿
1
￿
W
0
z
+
￿
￿
￿
R
￿
1
@
￿
W
z
@
￿
0
￿
;
(
1
7
0
)
@
￿
@
￿
=
￿
(
I
+
￿
￿
￿
R
￿
1
￿
W
0
z
)
￿
1
￿
@
￿
￿
@
￿
￿
R
￿
1
￿
W
0
z
￿
￿
￿
￿
￿
R
￿
1
@
￿
R
@
￿
￿
R
￿
1
￿
W
0
z
￿
+
￿
￿
￿
R
￿
1
@
￿
W
z
@
￿
0
￿
￿
@
￿
￿
@
￿
￿
:
(
1
7
1
)A
p
p
e
n
d
i
x
B
:
D
i
￿
e
r
e
n
t
i
a
t
i
n
g
t
h
e
s
t
a
t
e
-
s
p
a
c
e
m
o
d
e
l
4
3
T
h
e
d
e
r
i
v
a
t
i
v
e
f
o
r
P
i
s
g
i
v
e
n
b
y
@
P
@
￿
=
p
￿
~
A
0
o
@
P
@
￿
A
o
+
@
^
Q
@
￿
+
p
￿
￿
@
~
A
@
￿
0
￿
~
F
0
@
B
y
@
￿
￿
P
A
o
+
~
A
0
o
P
￿
@
^
A
@
￿
￿
@
^
B
@
￿
F
￿
+
~
F
0
@
R
@
￿
F
;
(
1
7
2
)
w
h
e
r
e
~
F
=
(
R
+
B
0
y
P
^
B
)
￿
1
^
B
P
0
~
A
;
~
A
o
=
~
A
￿
B
y
~
F
;
a
n
d
@
^
Q
@
￿
=
@
Q
y
@
￿
+
@
Q
z
@
￿
￿
+
Q
z
@
￿
@
￿
(
1
7
3
)
@
~
A
@
￿
=
@
A
y
@
￿
￿
@
B
y
@
￿
R
￿
1
￿
0
Q
0
z
+
B
y
R
￿
1
@
R
@
￿
R
￿
1
￿
0
Q
0
z
￿
B
y
R
￿
1
@
￿
@
￿
0
Q
0
z
￿
B
y
R
￿
1
￿
0
@
Q
z
@
￿
0
:
(
1
7
4
)
T
h
e
l
a
s
t
t
w
o
d
e
r
i
v
a
t
i
v
e
s
n
e
e
d
e
d
a
r
e
@
Q
y
@
￿
a
n
d
@
Q
z
@
￿
:
@
Q
y
@
￿
=
@
￿
Q
y
@
￿
￿
@
￿
W
y
@
￿
￿
R
￿
1
￿
W
0
y
+
￿
W
y
￿
R
￿
1
@
￿
R
@
￿
￿
R
￿
1
￿
W
0
y
￿
￿
W
y
￿
R
￿
1
@
￿
W
y
@
￿
0
;
(
1
7
5
)
@
Q
z
@
￿
=
@
￿
Q
z
@
￿
￿
@
￿
W
y
@
￿
￿
R
￿
1
￿
W
0
z
+
￿
W
y
￿
R
￿
1
@
￿
R
@
￿
￿
R
￿
1
￿
W
0
z
￿
￿
W
y
￿
R
￿
1
@
￿
W
z
@
￿
0
:
(
1
7
6
)
W
e
n
o
w
h
a
v
e
e
v
e
r
y
t
h
i
n
g
t
h
a
t
w
e
n
e
e
d
t
o
c
o
m
p
u
t
e
t
h
e
d
e
r
i
v
a
t
i
v
e
s
o
f
t
h
e
m
a
t
r
i
c
e
s
i
n
t
h
e
d
e
c
i
s
i
o
n
r
u
l
e
a
n
d
t
h
e
l
a
w
o
f
m
o
t
i
o
n
f
o
r
t
h
e
s
t
a
t
e
v
e
c
t
o
r
.
T
o
a
v
o
i
d
i
t
e
r
a
t
i
n
g
o
n
E
q
.
(
1
7
2
)
f
o
r
@
P
@
￿
;
w
e
i
n
s
t
e
a
d
t
a
k
e
t
h
e
g
r
a
d
i
e
n
t
,
e
.
g
.
,
r
￿
P
=
(
I
￿
p
￿
A
0
o
￿
~
A
0
o
)
￿
1
￿
r
￿
^
Q
+
(
I
￿
~
A
0
o
P
0
)
r
￿
^
A
+
p
￿
(
A
0
o
P
0
￿
I
)
r
￿
~
A
0
￿
(
F
0
￿
~
A
0
o
P
0
)
r
￿
^
B
￿
p
￿
(
A
0
o
P
0
￿
~
F
0
)
r
￿
B
0
y
+
(
F
0
￿
~
F
0
)
r
￿
R
:
(
1
7
7
)
T
h
u
s
,
t
h
e
g
r
a
d
i
e
n
t
o
f
F
i
s
g
i
v
e
n
b
y
r
￿
F
=
(
I
￿
R
B
0
y
P
)
r
￿
A
y
+
￿
(
￿
￿
￿
F
0
)
￿
R
B
0
y
P
￿
r
￿
A
z
￿
(
F
0
￿
R
B
0
y
P
)
r
￿
B
y
+
p
￿
(
A
0
o
P
0
￿
R
)
r
￿
B
0
y
+
p
￿
(
A
0
o
￿
R
B
0
y
)
r
￿
P
￿
(
F
0
￿
R
0
)
r
￿
R
+
(
I
￿
R
B
0
y
P
A
z
)
r
￿
￿
￿
(
F
0
￿
R
B
0
y
P
A
z
)
r
￿
￿
;
(
1
7
8
)
w
h
e
r
e
R
=
(
R
+
B
0
y
P
^
B
)
￿
1
.
I
n
t
e
r
m
s
o
f
t
h
e
c
o
m
p
u
t
e
r
c
o
d
e
,
w
e
s
t
a
r
t
w
i
t
h
E
q
s
.
(
1
6
7
)
-
(
1
7
1
)
a
n
d
E
q
s
.
(
1
7
5
)
-
(
1
7
6
)
,
w
h
i
c
h
r
e
l
a
t
e
t
h
e
d
e
r
i
v
a
t
i
v
e
s
o
f
t
h
e4
4
M
e
c
h
a
n
i
c
s
o
f
F
o
r
m
i
n
g
a
n
d
E
s
t
i
m
a
t
i
n
g
o
r
i
g
i
n
a
l
p
r
o
b
l
e
m
t
o
t
h
o
s
e
o
f
t
h
e
p
r
o
b
l
e
m
w
i
t
h
o
u
t
d
i
s
c
o
u
n
t
i
n
g
o
r
c
r
o
s
s
-
p
r
o
d
u
c
t
t
e
r
m
s
.
T
o
c
o
m
p
u
t
e
t
h
e
g
r
a
d
i
e
n
t
s
o
f
t
h
e
s
e
o
b
j
e
c
t
s
i
n
t
e
r
m
s
o
f
o
u
r
i
n
p
u
t
s
,
w
e
u
s
e
t
h
e
f
a
c
t
t
h
a
t
v
e
c
(
A
B
C
)
=
(
C
0
￿
A
)
v
e
c
(
B
)
f
o
r
a
n
y
m
a
t
r
i
c
e
s
A
;
B
;
a
n
d
C
w
i
t
h
t
h
e
a
p
p
r
o
p
r
i
a
t
e
d
i
m
e
n
s
i
o
n
s
s
u
c
h
t
h
a
t
A
B
C
e
x
i
s
t
s
.
W
e
n
e
x
t
c
o
m
p
u
t
e
t
h
e
d
e
r
i
v
a
t
i
v
e
s
f
o
r
^
A
;
^
B
;
^
Q
;
a
n
d
~
A
w
h
i
c
h
a
p
p
e
a
r
i
n
E
q
s
.
(
1
6
4
)
,
(
1
6
5
)
,
(
1
7
3
)
,
a
n
d
(
1
7
4
)
.
F
i
n
a
l
l
y
,
w
e
c
o
m
p
u
t
e
r
￿
P
i
n
E
q
.
(
1
7
7
)
,
r
￿
F
i
n
E
q
.
(
1
7
8
)
,
a
n
d
r
￿
A
o
=
￿
￿
1
2
(
r
￿
^
A
￿
(
F
0
￿
I
)
r
￿
^
B
￿
(
I
￿
^
B
)
r
￿
F
)
:
A
n
o
n
l
i
n
e
a
r
e
c
o
n
o
m
y
w
i
t
h
d
i
s
t
o
r
t
i
o
n
s
T
h
e
o
p
t
i
m
i
z
a
t
i
o
n
p
r
o
b
l
e
m
t
h
a
t
w
e
s
t
a
r
t
w
i
t
h
i
s
g
i
v
e
n
b
y
m
a
x
f
u
t
g
E
0
1
X
t
=
0
￿
t
r
(
Z
t
;
￿
)
s
u
b
j
e
c
t
t
o
￿
y
t
+
1
=
￿
A
y
￿
y
t
+
￿
A
z
￿
z
t
+
￿
B
y
￿
u
t
+
C
￿
￿
t
+
1
Z
t
=
[
￿
y
0
t
;
￿
z
0
t
;
￿
u
0
t
]
0
:
A
s
i
n
t
h
e
c
a
s
e
o
f
t
h
e
e
c
o
n
o
m
y
w
i
t
h
o
u
t
d
i
s
t
o
r
t
i
o
n
s
,
w
e
s
o
l
v
e
a
r
e
l
a
t
e
d
p
r
o
b
l
e
m
t
h
a
t
h
a
s
t
h
e
s
a
m
e
f
o
r
m
a
s
t
h
e
p
r
o
b
l
e
m
o
f
E
q
.
(
1
5
6
)
.
T
h
e
a
p
p
r
o
x
i
m
a
t
i
o
n
m
e
t
h
o
d
i
s
t
h
e
s
a
m
e
a
s
i
n
t
h
e
m
o
d
e
l
w
i
t
h
o
u
t
d
i
s
t
o
r
t
i
o
n
s
;
t
h
u
s
,
a
l
l
o
f
t
h
e
r
e
q
u
i
r
e
d
d
e
r
i
v
a
t
i
v
e
s
h
a
v
e
a
l
r
e
a
d
y
b
e
e
n
c
o
m
p
u
t
e
d
.R
e
f
e
r
e
n
c
e
s
4
5
References
A
n
d
e
r
s
o
n
,
B
r
i
a
n
D
.
O
.
a
n
d
J
o
h
n
B
.
M
o
o
r
e
(
1
9
7
9
)
.
O
p
t
i
m
a
l
F
i
l
t
e
r
i
n
g
.
E
n
g
l
e
-
w
o
o
d
C
l
i
￿
s
:
P
r
e
n
t
i
c
e
-
H
a
l
l
.
B
l
a
n
c
h
a
r
d
,
O
l
i
v
e
r
J
.
a
n
d
C
h
a
r
l
e
s
M
.
K
a
h
n
(
1
9
8
0
)
.
‘
T
h
e
S
o
l
u
t
i
o
n
o
f
L
i
n
e
a
r
D
i
￿
e
r
e
n
c
e
E
q
u
a
t
i
o
n
s
U
n
d
e
r
R
a
t
i
o
n
a
l
E
x
p
e
c
t
a
t
i
o
n
s
’
.
E
c
o
n
o
m
e
t
r
i
c
a
,
V
o
l
.
4
8
,
p
p
.
1
3
0
5
{
1
3
1
1
.
D
a
g
l
i
,
C
.
a
n
d
J
.
T
a
y
l
o
r
(
1
9
8
4
)
.
‘
E
s
t
i
m
a
t
i
o
n
a
n
d
S
o
l
u
t
i
o
n
o
f
L
i
n
e
a
r
R
a
t
i
o
n
a
l
E
x
p
e
c
t
a
t
i
o
n
s
M
o
d
e
l
s
U
s
i
n
g
a
P
o
l
y
n
o
m
i
a
l
M
a
t
r
i
x
F
a
c
t
o
r
i
z
a
t
i
o
n
’
.
J
o
u
r
n
a
l
o
f
E
c
o
n
o
m
i
c
D
y
n
a
m
i
c
s
a
n
d
C
o
n
t
r
o
l
,
V
o
l
.
8
,
N
o
.
3
,
p
p
.
3
4
1
{
3
4
8
.
D
o
a
n
,
T
h
o
m
a
s
,
R
o
b
e
r
t
L
i
t
t
e
r
m
a
n
,
a
n
d
C
h
r
i
s
t
o
p
h
e
r
S
i
m
s
(
1
9
8
4
)
.
‘
F
o
r
e
c
a
s
t
i
n
g
a
n
d
C
o
n
d
i
t
i
o
n
a
l
P
r
o
j
e
c
t
i
o
n
U
s
i
n
g
R
e
a
l
i
s
t
i
c
P
r
i
o
r
D
i
s
t
r
i
b
u
t
i
o
n
s
’
.
E
c
o
n
o
-
m
e
t
r
i
c
R
e
v
i
e
w
s
,
V
o
l
.
3
,
N
o
.
1
,
p
p
.
1
{
1
0
0
.
F
l
e
t
c
h
e
r
,
R
.
(
1
9
8
7
)
.
P
r
a
c
t
i
c
a
l
M
e
t
h
o
d
s
o
f
O
p
t
i
m
i
z
a
t
i
o
n
.
N
e
w
Y
o
r
k
:
J
o
h
n
W
i
l
e
y
&
S
o
n
s
.
H
a
n
s
e
n
,
L
.
P
.
a
n
d
T
.
J
.
S
a
r
g
e
n
t
(
1
9
9
4
)
.
‘
R
e
c
u
r
s
i
v
e
L
i
n
e
a
r
M
o
d
e
l
s
o
f
D
y
n
a
m
i
c
E
c
o
n
o
m
i
e
s
’
.
M
i
m
e
o
.
U
n
i
v
e
r
s
i
t
y
o
f
C
h
i
c
a
g
o
.
_
I
m
r
o
h
o
r
o
￿
g
l
u
,
S
e
l
a
h
a
t
t
i
n
(
1
9
9
3
)
.
‘
T
e
s
t
i
n
g
f
o
r
S
u
n
s
p
o
t
E
q
u
i
l
i
b
r
i
a
i
n
t
h
e
G
e
r
-
m
a
n
H
y
p
e
r
i
n
￿
a
t
i
o
n
’
.
J
o
u
r
n
a
l
o
f
E
c
o
n
o
m
i
c
D
y
n
a
m
i
c
s
a
n
d
C
o
n
t
r
o
l
,
V
o
l
.
1
7
,
N
o
.
1
/
2
,
p
p
.
2
8
9
{
3
1
8
.
K
i
n
g
,
R
o
b
e
r
t
G
.
,
C
h
a
r
l
e
s
I
.
P
l
o
s
s
e
r
,
a
n
d
S
e
r
g
i
o
T
.
R
e
b
e
l
o
(
1
9
8
8
a
)
.
‘
P
r
o
-
d
u
c
t
i
o
n
,
G
r
o
w
t
h
,
a
n
d
B
u
s
i
n
e
s
s
C
y
c
l
e
s
:
I
.
T
h
e
B
a
s
i
c
N
e
o
c
l
a
s
s
i
c
a
l
M
o
d
e
l
’
.
J
o
u
r
n
a
l
o
f
M
o
n
e
y
,
C
r
e
d
i
t
,
a
n
d
B
a
n
k
i
n
g
,
V
o
l
.
2
1
,
N
o
.
2
/
3
,
p
p
.
1
9
5
{
2
3
2
.
K
i
n
g
,
R
o
b
e
r
t
G
.
,
C
h
a
r
l
e
s
I
.
P
l
o
s
s
e
r
,
a
n
d
S
e
r
g
i
o
T
.
R
e
b
e
l
o
(
1
9
8
8
b
)
.
‘
P
r
o
-
d
u
c
t
i
o
n
,
G
r
o
w
t
h
,
a
n
d
B
u
s
i
n
e
s
s
C
y
c
l
e
s
:
I
I
.
N
e
w
D
i
r
e
c
t
i
o
n
s
’
.
J
o
u
r
n
a
l
o
f
M
o
n
e
y
,
C
r
e
d
i
t
,
a
n
d
B
a
n
k
i
n
g
,
V
o
l
.
2
1
,
N
o
.
2
/
3
,
p
p
.
3
0
9
{
3
4
2
.
K
w
a
k
e
r
n
a
a
k
,
H
.
a
n
d
R
.
S
i
v
a
n
(
1
9
7
2
)
.
L
i
n
e
a
r
O
p
t
i
m
a
l
C
o
n
t
r
o
l
S
y
s
t
e
m
s
.
N
e
w
Y
o
r
k
:
W
i
l
e
y
I
n
t
e
r
s
c
i
e
n
c
e
.
K
y
d
l
a
n
d
,
F
i
n
n
a
n
d
E
d
w
a
r
d
C
.
P
r
e
s
c
o
t
t
(
1
9
8
2
)
.
‘
T
i
m
e
t
o
B
u
i
l
d
a
n
d
A
g
g
r
e
g
a
t
e
F
l
u
c
t
u
a
t
i
o
n
s
’
.
E
c
o
n
o
m
e
t
r
i
c
a
,
V
o
l
.
5
0
,
p
p
.
1
3
4
5
{
1
3
7
0
.
M
c
G
r
a
t
t
a
n
,
E
l
l
e
n
R
.
(
1
9
9
4
)
.
‘
A
N
o
t
e
o
n
C
o
m
p
u
t
i
n
g
C
o
m
p
e
t
i
t
i
v
e
E
q
u
i
l
i
b
r
i
a
i
n
L
i
n
e
a
r
M
o
d
e
l
s
’
.
J
o
u
r
n
a
l
o
f
E
c
o
n
o
m
i
c
D
y
n
a
m
i
c
s
a
n
d
C
o
n
t
r
o
l
,
V
o
l
.
1
8
,
p
p
.
1
4
9
{
1
6
0
.
M
c
G
r
a
t
t
a
n
,
E
l
l
e
n
,
R
i
c
h
a
r
d
R
o
g
e
r
s
o
n
,
a
n
d
R
a
n
d
a
l
l
W
r
i
g
h
t
(
1
9
9
3
)
.
‘
H
o
u
s
e
h
o
l
d
P
r
o
d
u
c
t
i
o
n
a
n
d
T
a
x
a
t
i
o
n
i
n
t
h
e
S
t
o
c
h
a
s
t
i
c
G
r
o
w
t
h
M
o
d
e
l
’
.
M
i
m
e
o
.
S
t
a
￿
R
e
p
o
r
t
1
6
6
,
F
e
d
e
r
a
l
R
e
s
e
r
v
e
B
a
n
k
o
f
M
i
n
n
e
a
p
o
l
i
s
.
S
a
r
g
e
n
t
,
T
.
J
.
(
1
9
8
0
)
.
‘
N
o
t
e
s
o
n
L
i
n
e
a
r
F
i
l
t
e
r
i
n
g
,
C
o
n
t
r
o
l
,
a
n
d
R
a
t
i
o
n
a
l
E
x
-
p
e
c
t
a
t
i
o
n
s
M
o
d
e
l
s
’
.
M
i
m
e
o
.
F
e
d
e
r
a
l
R
e
s
e
r
v
e
B
a
n
k
o
f
M
i
n
n
e
a
p
o
l
i
s
.
R
o
s
e
n
,
S
h
e
r
w
i
n
,
K
e
v
i
n
M
.
M
u
r
p
h
y
,
a
n
d
J
o
s
￿
e
A
.
S
c
h
e
i
n
k
m
a
n
(
1
9
9
4
)
.
‘
C
a
t
t
l
e
C
y
c
l
e
s
’
.
J
o
u
r
n
a
l
o
f
P
o
l
i
t
i
c
a
l
E
c
o
n
o
m
y
,
V
o
l
.
1
0
2
,
N
o
.
3
,
p
p
.
4
6
8
{
4
9
2
.
S
i
m
s
,
C
.
A
.
(
1
9
8
0
)
.
‘
M
a
c
r
o
e
c
o
n
o
m
i
c
s
a
n
d
R
e
a
l
i
t
y
’
.
E
c
o
n
o
m
e
t
r
i
c
a
,
V
o
l
.
4
8
,
N
o
.
1
,
p
p
.
1
{
4
8
.
U
n
i
t
e
d
S
t
a
t
e
s
,
B
u
r
e
a
u
o
f
t
h
e
C
e
n
s
u
s
(
1
9
7
5
)
.
H
i
s
t
o
r
i
c
a
l
S
t
a
t
i
s
t
i
c
s
o
f
t
h
e
U
n
i
t
e
d
S
t
a
t
e
s
,
C
o
l
o
n
i
a
l
T
i
m
e
s
t
o
1
9
7
0
.
W
a
s
h
i
n
g
t
o
n
,
D
.
C
.
:
U
.
S
.
D
e
p
a
r
t
m
e
n
t
o
f
C
o
m
m
e
r
c
e
.
U
n
i
t
e
d
S
t
a
t
e
s
,
B
u
r
e
a
u
o
f
t
h
e
C
e
n
s
u
s
(
1
9
8
9
)
.
A
g
r
i
c
u
l
t
u
r
a
l
S
t
a
t
i
s
t
i
c
s
.
W
a
s
h
-4
6
M
e
c
h
a
n
i
c
s
o
f
F
o
r
m
i
n
g
a
n
d
E
s
t
i
m
a
t
i
n
g
i
n
g
t
o
n
,
D
.
C
.
:
U
.
S
.
D
e
p
a
r
t
m
e
n
t
o
f
C
o
m
m
e
r
c
e
.
V
a
u
g
h
a
n
,
D
.
R
.
(
1
9
6
9
)
.
‘
A
N
e
g
a
t
i
v
e
-
E
x
p
o
n
e
n
t
i
a
l
S
o
l
u
t
i
o
n
t
o
t
h
e
M
a
t
r
i
x
R
i
c
-
c
a
t
i
E
q
u
a
t
i
o
n
’
.
I
E
E
E
T
r
a
n
s
a
c
t
i
o
n
s
o
n
A
u
t
o
m
a
t
i
c
C
o
n
t
r
o
l
,
V
o
l
.
1
4
,
p
p
.
7
2
{
7
5
.
V
a
u
g
h
a
n
,
D
.
R
.
(
1
9
7
0
)
.
‘
A
N
o
n
r
e
c
u
r
s
i
v
e
A
l
g
e
b
r
a
i
c
S
o
l
u
t
i
o
n
f
o
r
t
h
e
D
i
s
c
r
e
t
e
R
i
c
c
a
t
i
E
q
u
a
t
i
o
n
’
.
I
E
E
E
T
r
a
n
s
a
c
t
i
o
n
s
o
n
A
u
t
o
m
a
t
i
c
C
o
n
t
r
o
l
,
V
o
l
.
A
C
-
1
5
,
N
o
.
5
,
O
c
t
o
b
e
r
,
p
p
.
5
9
7
{
5
9
9
.
W
h
i
t
e
m
a
n
,
C
h
a
r
l
e
s
(
1
9
8
3
)
.
L
i
n
e
a
r
R
a
t
i
o
n
a
l
E
x
p
e
c
t
a
t
i
o
n
s
M
o
d
e
l
s
:
A
U
s
e
r
’
s
G
u
i
d
e
.
M
i
n
n
e
a
p
o
l
i
s
:
U
n
i
v
e
r
s
i
t
y
o
f
M
i
n
n
e
s
o
t
a
P
r
e
s
s
.